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Abstract

Magic echo cycles are introduced for performing quadrupolar echo spectroscopy of spin-1 nuclei. An analysis is performed via aver-
age Hamiltonian theory showing that the evolution under chemical shift or static field inhomogeneity can be refocused simultaneously
with the quadrupolar interaction using these cycles. Due to the higher convergence in the Magnus expansion, with sufficient RF power,
magic echo based quadrupolar echo spectroscopy outperforms the conventional two pulse quadrupolar echo in signal to noise. Exper-
iments highlighting a signal to noise enhancement over the entire bandwidth of the quadrupolar pattern of a powdered sample of deu-

terated polyethelene are shown.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

One of the most intriguing effects in nuclear magnetic
resonance is the refocusing of the time evolution of a
nuclear spin system with a suitable RF pulse cycle—the
creation of a spin echo. In the language of average Hamil-
tonian theory, developed by Waugh and coworkers, the
refocusing of a spin system occurs when the effective Ham-
iltonian of a given pulse train is zero [1]. This can be illus-
trated by considering the evolution of the initial state of a
spin, |y(t = 0)), to the final state |y(z = T)) under the effec-
tive Hamiltonian, H.z. When H.g is made zero by clever
design of the RF pulse train, the state at t = 7 is made
equal to that at =0, and the dynamics have been refo-
cused. For quadrupolar spins of a solid, a spin echo allows
for spectroscopy of a broad spectral pattern that would
otherwise be distorted due to the ring-down of the RF coil.
The experimental method involves acquiring the peak of an
echo, which in the absence of relaxation and experimental
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artifacts, would yield the same signal as a free induction
decay.

Arguably the most challenging experimental require-
ment to overcome in quadrupolar echo spectroscopy of a
solid is the uniform excitation of the entire bandwidth of
the spin system, which can often cover 200 kHz. Composite
pulses developed for this purpose were shown to produce
more uniformly excited spectra than spectra acquired with
a conventional hard pulse (a single pulse with a single
phase and amplitude) [2]. Under certain experimental con-
ditions, however, the spectrum acquired with a composite
pulse was shown by Siminovich et al. to produce a distor-
tions due to finite pulse width artifacts [3]. This was due to
the fact that the spin system evolves under the quadrupolar
interaction during the RF pulses. In the situation of hard
pulses, a similar distortion is also encountered even when
one uses high power and short pulses on the order of
2 ps. Recently, we reported on a phase cycling scheme that
suppresses spectral artifacts associated with finite pulse
width effects in a conventional quadrupolar echo cycle
[4]. By proper cycling of the transmitter and receiver
phases, distortions introduced by finite pulse widths were
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shown to be significantly suppressed to first order of the
Magnus expansion.

In this work, we report on the application of magic ech-
oes for improved quadrupolar echo spectroscopy of spin
I=1 nuclei. The magic echo cycle, developed by Rhim
et al. [5] nearly 36 years ago, has been applied with great
success in solid state NMR imaging [6-8], scattering studies
[9,10] and in multiple pulse line-narrowing schemes [11]. A
particularly useful aspect of the cycles presented is their
ability to refocus both chemical shift and static field inho-
mogeneity simultaneous with the quadrupolar interaction.
In addition, with sufficient RF power, the signal to noise
over the entire bandwidth is enhanced in a magic echo cycle
compared to the familiar two pulse quadrupolar echo cycle
due to more efficient convergence of the Magnus expan-
sion. Lastly, the magic echo based cycles are shown to be
robust against finite pulse width artifacts that plague other
cycles used in quadrupolar echo spectroscopy. In the exper-
imental section of this work, we demonstrate these findings
on a sample of powdered deuterated polyethelene.

2. Theory

Consider a solid system of spin /= 1 nuclei subject to a
large, static and homogeneous field. Ignoring any dipolar
coupling and chemical shift, the nuclear spin Hamiltonian
is given by the familiar quadrupolar interaction, which is
written to first order as

H = wQ[12IZVIIZ"1 —]I] (1)

(J)Q

where the spin-1 operator formalism developed by Vega
and Pines has been used [12]. In the above expression

wq = wszAo\/Ig

Ry = \/E{Pz(cos 0) + (g) cos(20) sinz(go)} (2)
. €q0

Q= 21021 — )h

where g is the quadrupolar coupling constant, P,(cos0) is
the second order Legendre polynomial of cos@, 0 and ¢ are
two of the three Euler angles.

We consider the evolution of the spin system under the
magic echo pulse sequence shown in Fig. 1, developed by
Rhim et al. [5]. The cycle is already well known in the
NMR community to refocus the dynamics of spin 7= 1/2
nuclei coupled by a dipolar interaction as well as chemical
shift or offset Hamiltonians [11]. The sequence consists of a
7 pulse about x axis, a period of free evolution of time
T — o, a 5 pulse about y axis, followed by two spin locking
fields of duration 2t — o, ending with the application of a
second 7 pulse about y axis. The echo occurs at a time
7 — o after the last pulse [5]. Table 1 lists all 16 possible
cycles of a magic echo sequence that create an echo. In
Table 1, the numbers 0, 1, 2 and 3 correspond to the trans-
mitter or receiver phases X, Y, —X and —Y, respectively.
The phase of the receiver in each cycle is set so that the
echo is always detected on either the positive x or y axis.

In the formalism of average Hamiltonian theory, the
time evolution of the system from time ¢ =0, p(0) to the
state at time ¢t = z., p(f.) is given by

p(t.) = UrpUinp(0) U, Ugt: 3)

where the propagator Ugp is given by the Dyson series and
Ui 18 given by the Magnus expansion [1]. This formalism
will be used to show that the magic echo cycle is more ro-
bust in refocusing the dynamics of spin-1 nuclei coupled by
a quadrupolar interaction compared to the conventional
two pulse echo cycle shown in Fig. 2 with sufficient RF
power. In addition, the magic echo cycle refocuses static
field inhomogeneity and chemical shift simultaneous with
the quadrupolar interaction.

Taking the initial state of the system to be given by
p(0) = L1, we constructed Table 2 and computed the tog-
gling frame quadrupolar Hamiltonian H,, during each
stage of the pulse cycle. Referring to Fig. 1, for the first
time interval 0 <7<t — 20, Urrp=1. For the second
interval, t — 2o < ¢ < 1, the rotation is given by the linear
parametrization:

/2, /2, /2,
X X
8 18,1 8 8 & B 3, &
1200 {200 T-00 200] 210 2t-o. 20 -0

Fig. 1. Magic echo sequence for refocusing the quadrupolar, chemical shift Hamiltonian as well as static field inhomogeneity. In this figure, the two
7t/2 pulses have a width of 2o and the phases of all the pulses should be cycled as given in Table 1 to suppress deleterious spectral artifacts. The cycle shown

is cycle A from Table 1.
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Table 1
Phase cycling table for the magic echo cycle for use in the spin-1
quadrupolar echo experiment

Cycle A BCDEFGHIIJKLMNOTP
Pulse 1 060001111 22332 2 373
Pulse 2 1 302 021313130 2 02
Pulse 3 0o o1 11100000 O0OT1 1 11
Pulse 4 2 2333322 22223333
Pulse 5 1 302 021313130 2 02
Receiverphase 3 3 1 I 0 0 2 2 1 10 O 3 3 2 2

Fig. 1 shows cycle A from the table above.

w2, /2,

8 18 8 8} &
o 2001 2001201 10 |

Fig. 2. Two pulse echo sequence for refocusing the quadrupolar Ham-
iltonian. In the figure the two /2 pulses have a width of 2« and the phases
of the two pulses shown can be any combination of 90 deg phase shifted
pulses. The cycle does not refocus chemical shift or static field in
homogeneity.

0= WRF! (4)

with the constraint

T
CORF2M = E (5)

where 0 =0 at 1 =0, and 0 = at 1 = 2o. The same condi-
tion occurs for the fourth and seventh interval respectively,
2t —a<t<2t+oand 61 — a <t < 67+ a For the fifth
and sixth intervals, 2t + o <t <47t and 4t <1< 671 — 0,
the parametrization is given by the constraint

(21 — o)wrp = B (6)

with n =1, 2, 3.... In the experimental section, we will
comment on how precise this condition is required to be
set by the experimenter in order for the cycles to function
properly.

Table 2 gives the toggling frame Hamiltonians during
each stage of the system evolution that were developed
knowing the transformations of I, /,; and I.;. The
resulting toggling frame Hamiltonians were integrated over
their respective time intervals and are also provided in
Table 2. The zeroth order terms of the Magnus expansion
were calculated for all 16 cycles that can refocus the system
dynamics evolving under Eq. (1), and produce an echo and
are provided in Table 3.

Consider the case of magic echo cycle denoted by A in
Table 1 and shown in Fig. 1. From Table 3 the zeroth order
term of the Magnus expansion is given by

Table 2

Transformations of the operator Urp and the toggling frame quadrupolar Hamiltonian during each stage of the magic echo sequence shown in Fig. 1

Urr

Time

Interval

01

0<t<1— 20

wQ[12IZ,]I:.] - II]

w121, I ,cos*(0) + 121,11, sin*(0) + 121 scos(0)sin(0) — I1]

(UQ[IZI»]I'V.] — II]

exp[2i60(1)1.1]
explinl,]

T—-20<t<7t
T<t<2t—«a

0

03

ocos(0)sin(0) — 1]

— 121,

2t —o<t<2t+a

2+ oa<t<4
dr<t<6T— 01

04

Q121 11 1cos*(0) + 121, I ysin*(0) + 121, ,cos(0)sin(0) — I1]

wo[121, 11, 1c05*(0) + 121, 11, 1sin*(0)

exp[2i0(1)I,,1] x explinly 1]

exp[2i6(1)],.1]  explind,, ] x explinl. ]

5
d6

o[121 11, 1cos’(orp(t — &) + 121 1 I isin*(wrp(t — &) — 121, ,c08(wri(t — &))

sin(wrp(t — &) — 1]

exp[—2i0(1)1,1]x exp[2i0(E)1 1] explinly, ] X expliny,]

q[121 11, 1c08*(0) + 121, 11, 1sin*(0) + 121 ,cos(0)sin(0) — I1]

wQ[IZI),JIy‘l — II]

exp[2i0(t)1,, 1] x explinl, 1]1x exp[inl, ;]

exp[2inl, ] x explinl, ;]

6T —a<t<6T+a

6t+a<t<Tt

07

dg

90

Q — 22Dk

/

In this table ¢ =2t — o, g = w’QRz_o% and o
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Table 3

Integrated first order terms of the Magnus expansion for the quadrupolar
Hamiltonian for 16 cycles of the magic sandwich based quadrupolar echo
sequence in Fig. 1

Cycle ﬁo

A %%1*2 i S R A e T TR oy A
B 300 1 ¢ 00 Ly 4 Ll — 2Ll

C Fron L2 +817(#[:‘11z.1 +%1y‘11’v‘1 +M[&1Iﬂ
D 731;;31 +817?Q12~112,1 +m1y,lly‘l +Mlx‘llx‘l
E 7 Z;,(}) Iyn +@[1x,l[x,l + 10y —212012)

F P+ LD Ly Tl — 2]

G %%Iy +8m°1z11z,1 +w1 Uit _M[y,lly‘l
H 2ol IRV 1]+8"“°1-112_]

I T30 o + 200 Ly L]+ SR L

J Rl +M[1r11x1 +dyidyy — 21y

K EXT Y T RS = YRR L T
L 731;;?[1,. +M[ ]zl'i‘wl I —M[y I
M ;_gz_ﬁlx‘ 4(%a+t)uol e G+ 4(30— ‘E)u)QI [ L 31(% L
N Tol sz(”“)”‘)lﬂlﬂ +M1 1111+8“°°12112$1
o %%]ﬂ +M[1X11x1 +1,, 11y1]+8mQ1 o

P 731331.\’2"'%[[\11 1+1i11y1]+8m°12112_1

In this table 2wrra =5,
polar coupling constant.

where 2a is the 7 pulse width. wq is the quadru-

— 112 4(30 —
0 _ L “WQX‘2+(°‘ 7)

“Q 77 q 7t

ool + 1110 — 2141

(7)

Three important findings of this result should be recog-
nized. First, the second term commutes with /. ;, and as a
consequence does not affect the system dynamics. Second,
the first term is proportional to the finite pulse width and
when o — 0 the first term vanishes. In this situation, the
density matrix at t = 71, calculated using Eq. (3), is found
to be pa(77) = 1, ;, which corresponds to the case of perfect
refocusing of the spin system with no additional quantum
coherences present to first order of the Magnus expansion.
Third, the results indicate that the contribution of finite
pulse widths to the system evolution becomes less impor-
tant for large values 7.

To further illustrate the contribution of finite pulse
widths in the system evolution, we consider Eq. (3) with
Eq. (7) to determine the state of the spin system at 7t
and the detected signal. The density matrix at 7t for the
magic echo cycle A is found to be

3b 3b
pA(7‘C) = —2A11 COS (@)[Zz — 2A11 sin (§)121
3b 3b
+ A21 COoS | — +A31 sin [ — Iy‘]
8 8 ’
3b . (3b
+ |:A31 COS <§> +A21 s <§>:|Iy’2 (8)

where
2asinh {% \/—“@—2“——91?}
V162> — 95’
§V/ 162 97| o)

A>; = cosh {8

3bsinh [£vV=16a” — 95|
V—16a2 — 9b*

and @ = 3% and b = 4(3x — ).

In the limiting case when o = 0, the result above reduces
to pa(7t) =1, ;. This is in agreement with our expectation
in the 51tuat10n of o-function RF pulses. When o # 0 the
term [,, does not commute with the quadrupolar
Hamiltonian and as a consequence, it evolves to a detect-
able signal. In certain experimental conditions, it can pro-
duce a spectral distortion as we will now show. Using the
Liouville-Von Neumann equation, the quadrupolar
Hamiltonian in Eq. (1) and pa(77), the density matrix at

a time ¢ + 77 is found to be
3b . (3b
pa(t+71) = =24, cos <§>122 — 24, sin <§>IZ‘1
3b
+ [<A21 cos (8) + A3 sin ( )> cos(3wqt)
. [3b
+ | Ay sin < — A3 cos sin(3wqt) |11

8
5)
+ [( A>i cos <3> Az sin ( ))sm 3wqt)
(s (2) e (%)) o 1.

(10)

All =

A31 =

The signal detected for this cycle as a function of time is
formally given by

Signal, (7t + ) = Trace{(I.1 + il,1)p, (7Tt + 1)} (11)

which reduces to

Signal, (77 4 ¢)

3b . (3b
= iKAzl cos (8) + A3 sin <8>)
x cos(3wqt) + <A21 sin <38b>
—A3; cos (3:>> sin(Sth)]

x Trace{l, (I, +il,1)} (12)

In the expression for pa(f+ 71), the term [(4y cos(32)+
Az sin(3)) cos(3wqt) + (A2 sin(32) — 43 cos(2)) sin(3wqt)]
multiplying 7, ; arises from the time evolution of the terms
I, and I, ; in ps(77). The term cos(3wqt) arises from the
time evolution of the term /,; and is an even function.



32 E.S. Mananga et al. | Journal of Magnetic Resonance 185 (2007) 28-37

The term sin(3wq?) arises from the time evolution of the
term /,, and is an odd function that vanishes in the case
of delta function RF pulses (¢ =0). The detected signal,
which is the term multiplying I, ;, is a combination of
odd and even functions. The sum of odd and even func-
tions produces a slightly asymmetric spectrum, which
causes one of the peaks of the quadrupolar powder pattern
to be higher than the other. This finding was also reported
recently for a conventional solid echo in spin-1 quadrupo-
lar echo spectroscopy [4]. The asymmetry vanishes in the
limit of o — 0.

If a strong RF field is applied to the spin system, the
undesirable terms can be made negligible and Eq. (8) will
be proportional to I, ;. For example, a readily achievable
pulse width of 2¢=2ps with wg=125kHz and
7= 50 ps under the magic echo cycle generates an /,; term
approximately 2 orders of magnitude larger than I, ,. With
higher RF power these deleterious terms can be made fur-
ther negligible. A similar calculation can be performed for
the other cycles given in Table 1.

The density matrices at 7t for all 16 possible combina-
tions of phase shifted RF pulses were calculated and are
provided in Table 3, each highlighting the effect of wgrp
on the system evolution. We add or subtract the density
matrices of all eight possible combinations of the ME
cycles that produce an echo in the +X direction in the fol-
lowing manner

Table 4

PxTotal = PE T PF T Pk T PL — Pm — PG — Po — Pp (13)

where p,—g, g, k... is the density matrices for each cycle
shown in Table 3. Using the results in Table 3, Eq. (13)
reduces to

PxTotal = | —4A421 cos % — 4455 cos é — 4453 cos %
8 8 8
— 445 sin % + 4A455i cos é
8 8
+4A43,yicos (%) + 4A43,icos (g)}[
+ |44, sin 3—b — 4453 sin é + 4433 sin 2—
8 8 8
—4A43; sin (g) — 45, cos ( ) + 4A43,i sin (g)
—4A45,i sin (4> + 4A4+,i sin (8)}&’2 (14)

where a, b, ¢, d, A1y, A1, A3 and As; are given in Table 4.

d
—4A43; cos <8

Density matrices at 71, p(71), for 16 cycles of the magic sandwich based quadrupolar echo pulse sequence for a system evolving under the first order secular

quadrupolar Hamiltonian

Cycle o(77)

A —2411 cos(3)1, 5 — 241y sin()1. ) + [421 cos(3) + A3y sin(3)]1,,1 + [A2 sin(32) — 43 cos(3)]1,

B —2411 co8(3) .5 — 2411 SIn(R)1. ) + [A21 c0s(3F) + A3y sin()], 1 + [A2 sin(3) — A3 cos(3)) 2

C —2A15c08(Ag)1. » + 2A158in(Ag) L. 1 H[—A2c08(Ap) + A3p8in(Ao) L, 1 + [A32c08(Ao) + Azpsin(Ao) ), »

D —2A415c08(Ag)1-» + 24 58in(Ag) 1| + [—Azc08(Ap) + Aszsin(Ag)]L, 1 + [A32c08(Ap) + Azzsin(Ag)]L,, »

E 2411 cos(3)1. — 24 sin(3R)1.; — [4o1 cos(3) + A3 sin(3)],; — [—4a1 sin(32) + 43 cos(3)]Lx

F 2411 coS(R) 5 — 2411 SIn(R)1- 1 — [A21 cos(3R) + A3y sin(32)|, 1 + [A2r sin(3R) — 431 cos(3)]1,,

G 2A415c08(Ap) 1.2 + 2A4158in(Ag) L1 + [A22008(Ag) — A3z8in(Ag) .1 + [A32c08(Ap) + Azasin(Ag) L.,

H 2A415c08(Ap) 1.2 + 2A12510(A)1 1 + [A2c08(Ap) — A38in(Ag) 1 + [A32008(Ap) + Azosin(Ag)]L 2

I —2411 cos(3)1. 5 — 24y sin(3)1. — [A2) cos(3) + A3y sin(3)]L,1 + [—Aa1 sin(3) + 431 cos(D)]1,

J —2411 coS(R) 5 — 241y SIn(R)1. 1 — [A21 cos(3F) + A3y sin(3)], 1 + [—Aa1 sin(3R) + 431 cos(3D)]1,

K 2A412008(Ap)L- 2 + 24 128i0(Ag) 11 + [—A22008(Ao) + Az8in(Ao) )1 — [A32c08(Ao) + Azosin(Ao) Ly

L 2A415c08(Ap) 1.2 + 2A4158in(Ag) L. + [—A22c08(Ag) + A3p8in(Ag) L1 — [A32008(Ag) + Aasin(Ag)]l»

M —2A415008(Ag) 1. » + 2A4158in(Ag)1 ;| + [A22008(Ag) — Azx8in(Ag)L,, 1 — [A32€08(Ag) + Aapsin(A) I,

N —2A415c08(Ag) 1. » + 24158in(Ag) 1 | + [A22c08(Ag) — A3o8in(Ag)L,, 1 — [A32€08(Ag) + Aapsin(Ao) 1,

(0] 2411 coS(R) .5 — 2411 sin(3R)1- 1 + [A2 cos({) + A3y sin(3)]Ly1 + [—A21 sin(3) + 431 cos(3D))1

P 2411 cos(3) 1.5 — 2411 sin(3R)1=1 + [A21 cos(32) + A3y sin()]Lyy + [—Az1 sin(3) + A3 cos(3D)] 2
Ao=b—2c+d, A = 42“1“11'—[2/()?] Ax = cosh[g \/m], Az = 73“1[11]/—?@]
A = 2asinh ?{()W] Axn = smh[1 m], Ay = (b_d)s\i;lj[%m]
a= 3:;;3 b =434 — 1)wqg, ¢ = —4(30. + 1)wq, d = 8twq.

In this table 2wrpa = § where 2o is the § pulse width, wq is the quadrupolar coupling constant and we have set \hB“ =1
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Similarly, for the magic echo cycles that refocus the
magnetization on the +y axis relative to the receiver we
have

PyTowl = Pc + Pp + P+ P5 = Pa — P — P — PN (15)

and the total density matrix in the +Y direction reduces to

2
PyTotal = | —4A21 cOS 3 4433 cos A 4433 cos =
8 8 8

—4455 cos (%) — 443, sin (%) + 445, sin (g)

—443, sin (4> + 443, sin (g) } I,

+ [—4/121 sin <%) + 4453 sin ( ) 4455 sin < )
. (d
44453 sin (8) + 443, cos ( ) 445, cos ( )

—443, cos (4) + 445, cos ( )} (16)

where A>q, A31, Az» and As3 are again given in Table 4.

It is important to note that the total density matrix in x
direction has only one deleterious term /., while the y
direction has I, ». The weight of deleterious terms are small
compared to the desirable terms /. ; or I, ;. For instance,
when wq = 125kHz, 1 =100 ps a pulse n/2 pulse width
of 200 =2 s generates deleterious terms /., and I, that
are approximately 2 orders of magnitude smaller than the
desired terms /. ; and I, ;. The phase cycling scheme shown
in Table 1 is based on the CYCLOPS phase cycle devel-
oped by Hoult and Richards and is also robust in suppress-
ing ring-down effects of the last pulse, in addition to a
variety of errors associated with imbalances in the receiver
channels and imperfect /2 pulses [13].

Next, we consider the first order term of the Magnus
expansion and discuss the higher convergence of the magic
echo cycle as compared to the conventional quadrupolar
echo sequence. Following the same development for the
zeroth order term of the Magnus expansion, the first order
term is given by [1]

Hllnt:;/ mt /Hmt d¢ (17)

which we have rewritten as

ﬁlllll 2 [T0+T1+T2+ ] (18)

For the magic echo sequence cycle A, the toggling frame
quadrupolar Hamiltonian during each stage of the cycle
shown in Fig. 1 is given in Table 1. The different terms in
the sum have been computed as follows

20 0o _
Toz/ / [Hi,H|dt;dty =0 (19)
0 0

182+ ﬂ)azwg[

T 20
T1:/ / [Hz.Hl—Hl.Hz]dthfl
200 JO

18i(=2+ \/§)a2wgl

x,1
T

2t—o 720
T2:/ / [H3.H, — H,.H;]dt;d¢
T 0

2t—o
+/ [H3.H2—H2.H3}df3dt2
20

x,1
s

2t+to o o
T = / / [H4.H]—H1.H4}dl4d[1
2

214 T o -
/ / [H4.H2 — Hz.Hd dt4dl2
2t o

21’+o< 20— o
/ [H4.H3 7H3.H4}dt4dt3
2

36 36
o 2121—1— \/_loczwél)l
TE
+ wiazwélml
B

4z =20 o
/ [Hs.H, — H,.Hs)dtsds,
0

214

4t
/ / H5 H2 2.H5}d[5d[2
214
4z 2t—o _ o
/ / HS.H3—H3.H5]dt5dt3
2+

4t 2I+x~
/ H5H4 Hy.H ]dt5dt4—0
2

T+o J2t—o

+

_|_

6T1—0 720
/ [H6.H1 —Hl.Hdd[sdtl
4t 0
6T—0 T o L
+/ / [H6.H2—H2.H6]dl6dlz
4 20
6T—0 2t—o ~~ ~~
+/ / [Hé.Hg*Hj,.HG]dtédtj,
4 T
6T—0 2tto
+/ / [H6H4 H4H6]dt6dt4
4 2

6T—0 4t
+/ / [H6H5 H5H6]dt6dl‘5—0
4 2

33

(23)

(24)
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61+ 20 .
T6: / [H7.H1 H1 H7]dt7df1
6T—0 0
61+ T o o
+/ / [H7.H2—H2.H7]dt7df2
61— 20
6T+0 2t—0o o o
+/ / [H7.H3—H3H7]dl7dl3
61— T
6T+0 240
+/ / [H7H4—H4 ]dl7dt4
6T—0 2t—o

— Hs.H)dt; dts

61+ 6t—o _
+/ / [H7.H¢ — Hg.H7)dt; dtg
6T—0 4t
36 36 f
= 2 2121 +— 2 2QIyJ
(\/;+ 11',) 2 lel (25)

Tt 21 o
+/ / H8H3 H3.H8]dfgdt3
6

Tt 21+y~ _ o
+/ / [Hs.Hy — Hy.Hg)dtg diy
2

H5.]A‘]g] deg dts

Tt 61—
+ / / [Hs.Hg— Hs.
6r+,¢ 4t

61+0

Hy)dtgdts

+ [Hs.H; — H,.Hg)dtg dt;
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Summing all eight terms of the integral, the first order term
of the Magnus expansion for magic echo cycle A reduces to

1 ch [18& 2<4\/§+(—2+\/§))1x1

ME -
)= Trods | 8 16

ml (

(27)

By a similar calculation, using the results for the toggling
frame Hamiltonians published in reference [4] for the con-
ventional two pulse sequence, the first order term of the
Magnus expansion reduces to

B A A
Iy +51., (28)

mt(SE) 3,5 J/sl _§ s 3‘L'

where
_ 180w[m(~2 + sin(F)) + sin(%)]
2

(29)

and

18 wg[1 + cos(%)]

2

(30)

Together with the zeroth order terms of the Magnus expan-
sion, the above results show that the magic echo cycle is
more robust compared to the conventional solid echo cycle
in refocusing the spin dynamics of quadrupolar spins. The
zeroth order term of the Magnus expansion for the conven-
tional two pulse cycle, reported in reference [4] is given by

=0 dawg
w0

(Iy2—1,5) (31)

Setting the cycle time, 77, of the magic echo cycle equal to
that of the conventional two pulse cycle, 37, the zeroth or-
der term of the Magnus expansion for a magic echo given
in Eq. (7) is the same magnitude as that given in the expres-
sion above. However, the zeroth order term of the Magnus
expansion for the conventional cycle contains a sum of two
terms, I, » — I, », whereas that of the magic echo only con-
tains one which does not commute with the equilibrium
state, I. ;. Hence, the dynamics are more complex for a giv-
en value of o for the conventional two pulse cycle. In addi-
tion, the first order term of the Magnus expansion for a
magic echo is much smaller than that of the two pulse con-
ventional cycle. For example, with a pulse width of
20=2.0us, wq=125kHz, and equal evolution times
7 =100 ps and 7 = 300 ps for the magic echo and the solid
echo, respectively, the first order terms reduce to

mt(ME) =103.22/,, + 115.141, (32)
and
lm(SE) —198.941, | + 63.321,; — 198.941,, (33)

in units of Hertz. With stronger RF power and shorter
pulse spacings, the first order term of the Magnus expan-
sion for the magic echo can be further reduced compared
to that of the conventional two pulse cycle. Consequently,
the magic echo cycle is a more robust sequence for quadru-
polar echo spectroscopy of solids compared to the conven-
tional two pulse quadrupolar echo sequence.

Considering Fig. 1, the magic echo cycle also performs a «
rotation and hence refocuses chemical shift and static field
inhomogeneity simultaneous with the quadrupolar interac-
tion. Previous work associated with refocussing the chemical
shift and static field inhomogeneity with the first order quad-
rupolar interaction in spin-1 quadrupolar echo spectroscopy
using a modified version of the conventional cycle shown in
Fig. 2, has been reported and described by Antonijevic et al.
[14]. Their work showed a phase cycling scheme that also
yields less distorted spectra than the conventional quadrupo-
lar echo sequence. Other cycles developed for refocusing
chemical shift and static field inhomogeneity with the quad-
rupolar interaction have also been reported by Siminovich
[15]. To show that the magic echo cycles outlined here refo-
cus the effects of static field inhomogeneity and chemical
shift, we assume a Hamiltonian H = Awl.; and compute
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the zeroth order term of the Magnus expansion. For cycle A,
shown in Fig. 1

-4 Aw 2 Aw

—o _ 4 Ao 2 Aw
HA(U(ME) - 7t ORrE [X‘l + 7t ORE ]}’=1
2 20 (e~ 2) + 2coslne (2 — )] ~ 1)
7z ORE WRE(T o COS|WRE(£LT — & z1
(34)
where we have used the following constraints:
2(1)Rpa = E (35)
2
and
2t —o)wrg =nn, n=123 ... (36)

For the solid echo cycle shown in Fig. 2 the zeroth order
term for the chemical shift or static field inhomogeneity is

— 1
HY,,(SE) = o [—al,, +bl,; +al.,] (37)
where
4

a:2AwKE—l)cx+r} (38)
and

4
b_ZAwP(n—l)oH—r} (39)

In cases where the wgrp is made larger than Aw, the zeroth
order term of the Magnus expansion for the offset Hamil-
tonian with the magic echo sequence can be made negligi-
ble. In this situation, the magic echo pulse sequence
refocuses static field inhomogeneity and chemical shift ef-
fects completely. This is not the case with the conventional
two pulse sequence, and as a consequence it does not refo-
cus the effects of static field inhomogeneity and chemical
shift even for strong RF pulses.

3. Experimental results

We tested the improved performance of a magic echo
over the two pulse conventional cycle on a deuterated sam-
ple of polyethene. The experiments were performed on a
Tecmag Apollo solid state NMR system with a homebuilt
NMR probe operating at 26.75 MHz. The coil in our
NMR probe had an inner diameter of approximately
2 mm, consisted of 6 turns of 30 AWG copper wire and
had a geometry that is known for producing a homoge-
neous field in the center of the sample [16]. The deuterated
polyethelene sample was purchased from Polymer Source,
Inc. located in Montreal, Canada. The experimental proce-
dure for setting up the experiments involved putting the
system at resonance and tuning the m/2 pulses using well
known techniques in solid state NMR on a sample of deu-
terated water [17]. In the experiments, the dwell time was
set to 0.5 ps, a recycle delay of 10s was used and 50,000
scans were collected at room temperature. The two pulse
cycle used an 8-step phase cycling scheme that has been

shown to cancel deleterious finite pulse width artifacts to
first order of the Magnus expansion [4]. The spectra
acquired with a magic echo used the 16-step phase cycling
scheme given in Table 1.

Fig. 3 highlights the experimental results of a quadru-
polar echo acquired with the conventional two pulse cycle
and a magic echo cycle for a w/2 pulse length of 1.3 ps
and 1.8 ps. In the experiments, the tau spacings were set
to 104.65 ps for the magic echo and 312.3 ps for the con-
ventional two pulse sequence. This ensures that the com-
plete evolution time following the first excitation pulse is
made the same, so that in both experiments the spin sys-
tem evolves under the quadrupolar interaction and irre-
versible relaxation not refocused by the RF pulses for
an equal amount of time. The results highlight that the
peak signal to noise is larger by a factor of approximately
2 in the magic echo over the solid echo for a 1.3 ps pulse
(referring to Fig. 3A and B). In addition, the signal to
noise in the tail ends of the quadrupolar pattern is larger
by a factor of approximately 5 in the case of a magic echo
compared to the conventional two pulse quadrupolar
echo for this pulse power. This behavior is expected as
discussed in the theoretical section. The zeroth order term
of the Magnus expansion for a Magic echo contains only
one term that does not commute with I.;, whereas the
two pulse conventional cycle contains two terms (refer
to Eq. (7) and Eq. (31)), making the dynamics much more
complex for a given value of «. Comparing the first order
terms of the Magnus expansion for 1.3 us /2 pulses, the
first order term for the conventional two pulse cycle con-
tains 3 operators that are larger than that of the magic
echo cycle which only contains 2 operators. As a conse-
quence, the magic echo cycle is more robust in refocusing
the spin dynamics of spin-1 quadrupolar nuclei and yields
better looking spectra.

For a longer nn/2 pulse equal to 1.8 ps, the experimental
data show that the magic echo cycle produces approxi-
mately the same peak signal to noise as the conventional
quadrupolar echo cycle. However, the outer edges of the
spectra appear to be better resolved with the magic echo
compared to the conventional two pulse cycle. This is also
well predicted by the theoretical analysis presented in the
last section. Again, both the zeroth order and first order
terms of the Magnus expansion for the magic echo are
smaller than that of the conventional two pulse cycle.

Referring again to Fig. 3A and B, the magic echo cycle
also produces a higher signal in the central peak of the
spectrum compared to the two pulse solid echo. This peak
is due to a highly mobile group of the sample, where the
quadrupolar interaction is partially averaged away due to
molecular motion, and has been observed by others in a
similar sample [18]. These results are also in good agree-
ment with what was shown in the theoretical work out-
lined, in that the magic echo cycle refocuses chemical
shift and static field inhomogeneity whereas the conven-
tional two pulse echo does not. Lastly, we found that the
requirement we imposed on the spin locking field for a
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Fig. 3. Experimental data highlighting the quadrupolar echo spectra of deuterated polyethelene acquired with a magic echo using n/2 pulse widths of (A)
1.3 ps and (C) 1.8 us and a conventional quadrupolar cycle using nt/2 pulse widths of (B) 1.3 ps and (D) 1.8 ps. Figures B, C and D have all been scaled
relative to the maximum intensity of that in (A), and the phase cycling implemented is discussed in the text. This figure shows that when 1.3 ps ©/2 pulses
are implemented, the signal to noise of a magic echo shown in (A) is larger by approximately a factor of 2 in the peaks and approximately 5 in the tail ends
of the spectrum, compared to that of the conventional two pulse quadrupolar cycle shown in (B). For 1.8 us nr/2 pulses, the peak signal to noise for the two
cycles is approximately the same, though the magic echo resolves the tail ends of the powder pattern clearer. For both pulse widths, the center peak of the
signal of a magic echo is larger compared to the center peak of the signal of the conventional two pulse cycle, due to the refocusing of chemical shift and

static field inhomogeneity.

magic echo cycle, 2t — o = nn, did not directly affect any of
the experimental data. We believe that this might be due to
the fact that the entire zeroth order term scales as 1/wrp
and any change in the sin or cosine terms shown in the tog-
gling frame Hamiltonians of Table 2 are negligible com-
pared to the relative size of the RF field.

4. Conclusions

Cycles for performing echo spectroscopy of spin-1 nuclei
in the presence of a quadrupolar interaction, chemical shift
interaction and static field inhomogeneity with a magic
echo are presented. A phase cycling scheme is introduced,
via the formalism of average Hamiltonian theory, for sup-
pressing deleterious finite pulse width artifacts. With the
proper phase cycling and sufficient RF power, magic echo
based quadrupolar echo spectra yield a higher signal to
noise over the familiar two pulse quadrupolar echo cycle
due to higher convergence in the Magnus expansion and
the simultaneous refocusing of chemical shift, static field
inhomogeneity and quadrupolar interactions. Experiments
on deuterated polyethelene indicate an enhancement of

approximately 2 in peak signal to noise and approximately
5 in the tail ends of the powder pattern. It is expected that
the magic echo cycles reported here will be useful for a
broad range of applications of quadrupolar echo spectros-
copy of polymers, and other solid and semisolid systems.
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